TRANSACTIONS OF THE
AMERICAN MATHEMATICAL SOCIETY
Volume 348, Number 7, July 1996

PROPAGATION OF GEVREY REGULARITY FOR
A CLASS OF HYPOELLIPTIC EQUATIONS

ANTONIO BOVE AND DAVID S. TARTAKOFF

ABSTRACT. We prove results on the propagation of Gevrey and analytic wave
front sets for a class of C*° hypoelliptic equations with double characteristics.

1. INTRODUCTION

It is well known that a (pseudo-differential) operator with semi-definite principal
part and at most double characteristics is not, in general, C* hypoelliptic; however
if the lower order terms satisfy some supplementary assumptions then there is C'*°
hypoellipticity (see e.g. [7], vol. III, [6]).

As far as analytic hypoellipticity is concerned, the situation is more involved.
There are in fact examples of operators being C'* hypoelliptic (i.e. whose lower
order terms satisfy the “Levi” conditions) but not analytic hypoelliptic. At the
same time, it has been proved that if the operator’s principal part vanishes exactly
of order 2 on a manifold ¥ in the cotangent bundle, if its lower order terms satisfy
the C'* hypoellipticity conditions and if ¥ is symplectic (i.e. the symplectic form
o = d§ A dx has maximal rank on T'Y) then there is analytic hypoellipticity (see

g. [10], [14], [16], [15]).

The situation becomes more involved if the symplectic form does not have max-
imal rank or if it can degenerate on a submanifold (subset) of the double charac-
teristic manifold. It has been proved by Métivier ([12], [9]) that actually there is
propagation of the analytic singularities on the leaves of the characteristic mani-
fold if the operator satisfies the conditions for C"*° hypoellipticity with loss of one
derivative. Essentially, Métivier constructs microlocal null solutions for certain mi-
crolocal models having a non empty analytic wave front set. Moreover, analyzing
the same microlocal model, he proved a theorem of propagation of the analytic
regularity.

A much deeper analysis has been carried out by Sjéstrand, [13], using F.B.LS.
transform with Lipschitz Lagrangian manifold, considering also the case in which
the rank of the fundamental matrix of the principal symbol may degenerate on a
submanifold of the double characteristic manifold. In particular he gave another
proof of Métivier’s theorem on the propagation of the regularity.

The purpose of the present paper is to give another proof of those microlocal
hypoellipticity results for operators with double characteristics satisfying the con-
ditions for C'*° hypoellipticity with loss of one derivative. A first result essentially
states that the Gevrey wave front set W F (or rather its complement, i.e. the set
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of points of G*-regularity), s > 1, propagates along the leaves of the characteristic
manifold ¥ (in particular for symplectic manifolds we get analytic hypoellipticity).
The second result says that an operator in the above mentioned class is actually
G?® hypoelliptic if s > 2. This second result, using different techniques, has been
obtained by Kajitani-Wakabayashi in [8].

Our technique is to deduce a priori G° bounds using as a starting point the
a priori hypoellipticity estimates in the C*° case. To do this we need a careful
microlocalization procedure in the directions tangent to . This is accomplished
by a technique due to the second author, [14], [15], and already used to give an
alternative proof of Métivier’s theorem [10], although the full details are still un-
published. We feel that this technique can be useful in more generality and in
degenerate situations.

The first five sections of the paper are devoted to establishing the notation,
introducing the microlocalization and proving the first theorem. The sixth section
is concerned with the proof of the second theorem. An appendix collects some
general-purpose material used throughout the paper.

Finally the first author would like to take this opportunity to thank the Depart-
ment of Mathematics of the University of Illinois at Chicago, where he stayed for
three weeks during the preparation of the final version of this paper. This allowed
him to enjoy lots of mathematics and to short cut the clumsiness of e-mail!

2. PREPARATIONS AND STATEMENT OF RESULTS

Let P(x,D;) = Pp(x,Dy) + Py_1(x,Dsz) + -+ be a classical G° (pseudo)-
differential operator of order m, s > 1, and denote by p,,—; the symbols of the
P,,—j, which are (positively) homogeneous of degree m — j with respect to £&. We
shall make the following assumptions:

(Hy):  (a): pm(z, &) >0, for every (z,&) € T*R™\ {0}.

(b): Let ¥ = {pm(x,£) = 0}. Then ¥ is a real G®manifold in T*R™ \ {0}.

(¢): pm vanishes on ¥ exactly of order 2, i.e. pp,(z,&) > Const d&(z, &),
where dx(z, £) denotes the distance of the point (z,£) € T*R™\ {0} from
3.

(d): Let F,,, (x0, &) denote the Hamilton map of p,, at (zo,&) € 3, defined
by

1
<F;Dm (0, 60)t, dip) = b} (t, d(HPm ©)(0,&0)),
where t € T ¢)(T*R™ \ {0}) and ¢ is a smooth function. Then
dim ker F, , (29, &) = dim Tzo,60)2

and

o)z has constant rank.

Without any loss of generality we shall suppose henceforth that m = 2, the general
case being recovered multiplying by an elliptic pseudo-differential factor.
Denote by p3(z,€) the subprincipal symbol of P, defined by

. mn 2
Pﬂwaf):pl(agwgzm.
J
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it is invariantly defined at points (z, ) belonging to .. Furthermore we shall denote
by
Tt Fp, (2,8) = Z L.
ip€sp Fp,, (x,€)
n>0
Since we are interested in micolocal results we shall always work in a microlocal

neighborhood, U, of (zg,&) € X.
We make the following assumption on the lower order terms:

(Hy): If (z0,&0) € &, then pj(zo, &) + Tr™ Fy, (20, &) ¢ R~
Because of (Hy) and (Hs) we can find a canonical G* transformation, ®, defined
in U, such that

(2.1) ®(z0,0) = (0, €n);

(22) if (yﬂ?) = q)(x7§>7 y= (ylay1/7y”/) S Rk-i—f-ﬁ-n—k—Z?

2k being the rank of o5, £ = dim Im F), (v, &) — 2k
Moreover in the coordinates (y 1), P can be written as

k 4
(2.3) > aij(y.m XX*+ZZ is (U, M) X Ys + b5 (y,m) X Ye)
ij=1 =1 s=1
Y4 k k
+ > ey MY Ye +pa(yn) + Y oy m) X+ Yo (y,m) X
r,s=1 Jj=1 j=1

L
+Zﬁs(y7n>yvs +]50(y777)7

s=1
where, denoting by A(y,n) = [ai;(y. M), =1 CW:n) = [ers(y,M)], 51, 4> and
B(y,n) = [bjs(y,n)]i=1.... .-, the matrix

5:1,.,. £
A B
B C

is a self-adjoint, positive definite matrix of pseudo-differential operators of or-
der 0; p1(y,n) is a first-order pseudo-differential operator such that pi(y,n);s =
(p§(z,&) +Trt FP2)|E; o, o, j=1,---k, b5, s = 1,--- £, and py are pseudo-
differential operators of order 0. Moreover

V2X =Dy —iy'|Dy,|, Y = Dy

Using Métivier’s technique of addition of variables and making another analytic
canonical transformation we can write the operator in (2.3) as

(2.4)
ueo| ¥ | [V praeo] ) raeo cmee.

where

(2.5)
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X=X, o, Xiy Xit1,--, Xok), Y = (Y1,...,Ye), A is a self adjoint positive
definite matrix of size 2k + £ of pseudo-differential operators of order 0, and L is a
(complex) 2k + ¢ dimensional vector of pseudo-differential operators of order 0.
If (w0,&) € X, we denote by P, ¢,)(z, D) the pseudo-differential operator
obtained by freezing the coefficients of (2.4) at (zo,&o):
X(z,D, z, D,
(26) P(wo)fo)(x7D$) = <A($0,§0) |: Y((JJ:DJC)) :| ) |: (( m)> :|>

:L.7
+(L(z0, o), [ )35((5:3;)) ]> + p1(z0,0)T + Po(To, o),
where T' = T

Due to (Hg) it is easy to get an a priori estimate for P, ¢,)(z, Dz) (see e.g. [7],
Chapter XXII):

(2.7) DXl YV Pul® + [full?
o] <2 p<2
< C (1Pag.eo) (@, D)ul® + [lull?),  we G5,
where C' > 0 is independent of u, a € Z3*, 8 € Zﬂ_ are multi-indices, and || - ||5

means the microlocal H® norm near (zg,&).

By Assumption (H;), (b)—(d), we know that ¥ is canonically foliated with leaves
of dimension £. If (0, &) € ¥ let us denote by I, ¢,y the leaf through (x0, &) and
by T(zo,60)L (0,¢0) its tangent space at (o, &o). Since we work in a neighborhood of
(20,&) in T*R™ \ {0}, in the sequel we will identify T and its tangent space.

We are ready to state our results:

Theorem 2.1. Let P be as above, verifying (Hy) and (Hg). Let (zg,&) € ¥ and
W be a neighborhood of (xo,&). Suppose 1 < s < 2 and that (xo,&) ¢ WFs(Pu);
then if T'(z.60) 0 (W \ {(20,%0)}) "N WF,(u) = @ we have (x0,&) ¢ W Fs(u).

Theorem 2.2. Under the same assumptions as in Theorem 2.1, let s > 2 and
(z0,&0) € WFs(Pu). Then (x9,&) ¢ WFs(u), i.e. P is G*—microhypoelliptic.

Remark 2.1. When s = +0o Theorem 2.2 is the well known result of Hormander
[6], Boutet-Grigis-Helffer [3]. When s = 1 Theorem 2.1 is due to Métivier [10].

Example. We give here the example of an operator satisfying our assumptions.
Assume that the variable x € R™ is partitioned in three groups which we write
x=(z/,2",2") € RF x Rl x R"~*~!, Consider the operator:

k k+1

x €) — Z:UJ D2 —|—$2|DW Z aZD —|—a|DW|

j i=k+1
where the p;’s and the a;’s are positive numbers, j =1,...,k, i=k+1,...,k+1,
and « is a real (complex) number such that o + Z;ﬂ:l ui(2n; +1) # 0, n =
(n1,...,nk) € Z%. The characteristic double manifold for P is given by ¥ =
{(z,€) € T*R™\{0}]z' = ¢ =0, ¢ =0, | # 0}. Let (wo,fo) , le.
(z0,&) = (O,T”,T’”,O,O,EI ), for certain vectors 7,z and £ with |§ | ;é 0 we
obtain then that the leaf through (z0,%0), I'(z,¢,), i given by ', ¢y = {(z, §)
T*R™\{0}|(z,&) = (0,2",7",0, O,EW), 2" € R'}. Tt is known that with the preced-
ing assumptions P is C*° hypoelliptic. On the other hand Theorem 2.1 says that



PROPAGATION OF GEVREY REGULARITY 2537

P is G* hypoelliptic for s > 2, whereas Theorem 2.2 states that there is “propaga-
tion” of the Gevrey s singularities along the leaf I, ¢,) (i.e. in the 2" variables) if
1<s<2.

3. TECHNICAL CONSIDERATIONS

Definition 3.0.1. We say that (zo,&0) ¢ WFs(u), u € D/, s > 1, if there exists an
open conic neighborhood of (xg, &), Vo x Iy, and a constant C > 0 and a bounded
sequence vy € &', such that for every N € N, vy = u in Vj, and moreover

/s
(3.0.1) lon (€)] < CN <1 + & ) , £eTy.

In order to prove Theorems 2.1 and 2.2 we shall use the estimate (2.6) and some
microlocalizations of high derivatives with respect to characteristic directions.

3.1. The localizing functions. The definition of WF; given in (3.0.1) refers to
a fixed conic neighborhood Vg x T'g of (0, &), valid for all N, and we shall prove
(3.0.1) for w and Vo x Ty, given (3.0.1) for Pu and Vo xTo, with Vo € V and Ty C T.
In doing this we shall need to nest many such neighborhoods, using carefully chosen
cut—off functions, p(x), ¥ (x). In fact, once the definition of W F has been rewritten
in terms of L? norms, (2.7) will allow us to estimate derivatives of order < N in
Vo x Ty in terms of those of order < N/2 without changing cut—off functions; at
this point we switch to a new pair for the reduction to order N/4 etc., requiring
log, N pairs in all. Actually it is helpful to have two pairs for each step, with two
additional pairs initially.

Thus we shall use 2logy, N + 2 pairs of functions {¢, ¥} {e;,¢¥;}, {(p;,w;-},

=-1,0,1,...,log, N, satisfying the following properties:

(3.1.1)
v; (Yj)=1 nearsupp ¢; (suppv;), j=0,1,...,log, N.
(3.1.2) p_1=1 near Vo, ¢; (¢))€Ce(V), Vj.
(3.1.3) -1 =1 near ToN{|¢|>2N} and
Y1 =0 for |¢ <N.
(3.1.4) GO () =0 for  |¢l < N/,
Y € CF° ( ) for every j > 1.
(3.1.5)

1D (2)] < (K;N/29) ) o] <3N/27, = —1,0,... log, N

(3.1.6)
D\ ()] < (K;N/ (216)) Jal <3N/2, j=—1,0,... log, N
log, N

(3.1.7) I] &M% <cv.
j=—1
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(3.1.8)

All the constants Kj, C' are independent of N and depend only on V4.
We shall also need a form for the tpgl) more adapted to the geometry involved in
our problem. If x € R™, let = («/, 2", 2", x,,) denote a partition of the variables
according to (2.5), i.e. ' € R% 2" € R, 2/ € R*~2*=¢~1_ Then for every j

(3.1.9) o (@) = o (@)@ (@ 2 ).
The construction of the gp;/) (x) and Q/JJ(-/) (&) is easy; moreover these pairs of functions
have been used by the second author before ([14]), although the idea of using cut—
off functions which behave in an analytic fashion up to a given order is due to
L. Ehrenpreis and has been exploited by L. Hérmander, K.G. Andersson, ([5], [1])
and others. We give here a sketch of the construction. Let ¥;(¢) = 0 for |t| < N,
U,;(t) =1 for |¢| > 2N; and satisfy

(3.1.10) |DYW, ()| < C1FL for a < 3N,

where N; = N/2¢, ¥; € C*°(R") and the constant C is independent of N and i.

Such a function is obtained by convolving the characteristic function of {|t| < 3N,/2}

with 3N; identical non—negative functions of integral one and support in {|t| < 1/6}.
Let Uy CC Vg CC V!; CC Vo CC ... CC W, v CC V, with

max {dist (V;, V';° ") ,dist (V/, VETP) } = di,
such that
(3.1.11) d; = do/2".

Without loss of generality we may take each of the above mentioned nested open
sets in product form: Vj(/)# X f/j('), where Vj(')# C R¢, f/j(/) C R*™ ¢ Then we
construct gpgl)#(x”), gbl(./) (', 2" x,) (and hence <pz(-/) (x)) just as we did ¥,(¢), but
scaling by a factor d;N; (any positive order derivative of ¥, had support on a set
of size N;; now this distance is do/2%).

The wgl) (€) are similarly defined by nesting open cones Iy cc T'_; cc T 1 C
C...CC f‘{og2 n CC T, with separations on the unit sphere of e; = /2. Thus

”

repeating on the unit sphere the construction of the ¢;” — but disregarding the

product form — we construct the z/;g/). We then extend the z/;g/) to be homogeneous
of degree zero and take the product with ¥;(|]).
Note that the functions thus obtained, but not the constants, depend on V.

3.2. Constants. A note on the use of constants. Any use of the letter C' denotes
a constant different from line to line, depending only on the dimension of the space
and the operator P, but independent of N and wu.

The constants K; or K; will be reserved for constants satisfying (3.1.7) and, like
C, may change from line to line.

3.3. Underlining. Often we will be interested in the number of terms of a given
form which appear in an expansion. This is denoted by underlining a coefficient,
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and may denote an upper bound rather than the exact count:

(2 wrer - £ ()i

c<max{a,b}
— Z 9apc xb—c'f(a—c)(x>'
c<max{a,b}

Another example, proved in the Appendix and often used below is

8 B1 a Br 8 B—6
e o (O _ 1814|161 pa—6 [ O
x (830) ST (896) Z C'Pla|®lx (896) ,

6<a,p
where «a;, §; are multi-indices, |a| = a =Y «;, |8 =0=>_06:.

3.4. Pseudo-differential operators. We shall use the Gevrey s pseudo-differential
operators (G* pdo’s) of Boutet de Monvel and Krée ([4]); i.e. if v € C§°(R"™),

p(, Dy)o(x) = / ¢ Ep(r, £)D(€)dE,

where d§ = (2m)~"dE, p(x, &) ~ >, pe(z,€) and p(x, &) (pr(z,§)) is real analytic in
Qx (R™\ {0}), @ C R™ open, and the pi(z, ) are positively homogeneous of degree
r — k with respect to £ and satisfy the following: VK CC €2, K compact, there exist
constants C', A such that for any integer k, any a, § € Z} and any x € K we have

(3.4.1) | D2 DEpr (e, §)| < CAHHer =01 (s [al)1*| )
and in addition, for any integer N we have
(3.4.2)

N-1
| D3 DY (p(w,a - m(saé)) | < CANHHB P =N o) B!
k=0
(with |¢["~N =18 replaced by (1+|¢[)"~N=18l'if r — N —|B| > 0). Here D, = 10/0x
and Dg = %8/86
4. GEVREY HYPOELLIPTICITY
4.1. Preliminary remarks.

Proposition 4.1.1. To prove (3.0.1) for u it suffices to show that for p < % +
nt1
nfl

[TP4—1(D)p-1(x)ul| < CONNP*.
In other words it suffices to show that for p < N, |[A\| < N,

(4.1.1) T4 (D) 13y (@)ul| < CONN=EHRD
and that
(4.1.2)
1
Rin(u) = TP | a(D)pa(z) = Y 17 (Pae-1)(@)(0¥1)(D) | ull
[Al<N

< (CK_1)V NI
where K_1 satisfies (3.1.8).
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Proof. First we show that (3.0.1) is implied by the first estimate

N n+1
TP 1 (D)p-1(2)ul| < CCNNP?, P —+

In fact, replacing un by ¢_1(z)u—we may assume that (x,&) = (0,e,) and that
uy = u in the open neighborhood of 0, Uy, with compact support there—we have
the relation that

|€|1/S>—N

v (O] < N1+ =5

is equivalent to
N

(413 Ehan(©) < CVN, k<=

This is easy to show since, possibly adjusting the constant C, ¢|£| < |&,] < ¢[€] in

a small cone near (0, e,,). The last inequality allows us to show that

— N .
[En—1(p-r(@)ul < CVNF k<=, i J¢] 2 2N

When [¢] < 2N we have:
|§’é/<ﬁ—1(n)ﬁ(§ —m)dn| < C(1+ [¢)F sup (L + ()M e ()]

< ON N+M)s GM+ntl yMtntl o N ks

where, by the Paley-Wiener theorem, |a(n)| < C(14 |n|)™, M > 0 depending on n.
The insertion of a converging factor (1 + |£|)™"! together with the above remark
that [£] ~ |€,] yields the first assertion of Proposition 4.1.1.

Let us now turn to the second part of Proposition 4.1.1. It suffices to prove
(4.1.2), since (4.1.1) will follow by general arguments of the calculus of pdo’s. We
have

1
Y-1(Dz)p-1(z) ~ Op Z Jagiﬂ—lD?@—l(ﬁ)
la|20

1 (a
~ D = @@ (Da) + Vo1 (Da)pr (@) = {1 0 pr v (e, Do),
la]<N
where we used the notation
1
(4.1.4) {(Vvoopatn@d= > 1 Dae-1(2)0Y-1.
0<|a|<N
Thus
TP%—1(Ds)p—1(x)ul L2
1
< Y T @e S (Do)ulle + Ran(w),
0<|N SN

where Ry y(u) is given by (4.1.2). It is then enough to show that NIAl < CN ! for
some positive constant C, and for |A\| < N.
This completes the proof of Proposition 4.1.1. [ |

Proposition 4.1.2. Using the same notation as in Proposition 4.1.1, we have that
the estimate (4.1.2) holds.



PROPAGATION OF GEVREY REGULARITY 2541

Proof. Recalling Lemma A.1 of the Appendix we have that
1
IRax (@)l =77 | @-a(Da)pr@) = 32 goa@ull (D) | ulrs
0<IBISN T
— Z crtn
c1

/en»g </ Tes ($7n7§)d77> a(g)de

where c¢; takes the values specified below and

)—n—l

(L4 n| o .
Tey (55777,5) = Z Te ¢ ((p—l(€+c1+b2)) (Tl)
le|=N ’

1
X </0 PO E+ p) (€ + p)rerertti(1 —p)|01+5|dp> :

here |by+bo| = n+1, ¢1 < pe,,+b1, and we have to study the symbol [ r., (z,7,&)dn.
Now DFEr., has a similar expression where

(80—1(6—‘1-(;1—‘1-!72))/\ is replaced by nu (80—1(€+C1+b2))/\7

which is rapidly decreasing in 1 by the Paley-Wiener theorem. Furthermore the
part under the integral sign is bounded by

sup |096"_cl+b11/1(_€f (o) < CN NI
c€ER™ |e|=N

by (3.1.3) and (3.1.6). Hence we consider

> [ 102 e (@ ldudy

|nl<n+1

1 n
= > / W(HW)( 2D e, (2, &) dnda.
la]<n+1

It is easily seen that integrating by part with respect to 1 we get an absolutely con-
vergent integral. We may then conclude that the symbol [ r¢,dn is Ly continuous;
thus

(4.1.5) ||R1)N(u)||L2 <oV lu|lLe N!
where C' = C'K, K; given by (3.1.5) - (3.1.8). |

To deduce the microlocal Gevrey regularity of u we shall obtain an upper bound
for a slightly more complicated expression. First some notation. Recalling the
definition (2.5) let us denote by X = (X', X”) the symplectic vector fields: X} =

=90 0 xn_x. ., = _0 5_q1... - _90
X] — Ozy x]+kawn’Xj = Aj+k — 81j+k’]_ 17 7I€7YS = OZapts’ 1§S§£7

T = %. We shall also denote by Z either an X- or a Y-vector field.

. .. . I
IfIe Zi’”z is a multi-index, the expression Z! means X{* X72... XQIZ’“ Y, 2kt

2k+1
I - i
LY and similarly X7 T e 7%, means X7 XQI}‘;’“ Analogously we write

/ 1"
X' X" ete, for o, @ € ZE.
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In the proof of the microlocal regularity the quantity in (4.1.1) will be replaced
by
(4.1.6)

o 1277 s (@6 (DJul < CVINCED, < Np < N
<2

To proceed further a more effective microlocalization will be needed.
4.2. Effective localization of powers of T'.

Definition 4.2.1. For any ¢(z), ¥(D,), p > 0, set
(4.2.1)
—1)lel
(TP)py = Z %X//QX/BTP—MWLB o ad% adg(” (1)),
jatpl<p O
where X"’ has been defined above,
ady' (W) = [Xi, [ Xy, ..., [Xi, W] ]

«; times

and ad$, (W) = ady o---o ady: (W).
Remark 4.2.1. Recalling the definition (3.1.9) of ¢;, we have
(4.2.2) (T) g0, = @7 (@) (TP) g, -

Definition 4.2.2. We shall write Z? for Z! with |I| = p and X? for X/, |J| = p
and so on. Analogously ady means ad%, |a| = p etc. If F' is an operator, we shall
write

(4.2.3) F=,0
if
1
(4.2.4) F=Cr o X ad® (1)

where C' is a universal constant. The index p will be dropped if there is no possibility
of misunderstanding.

Proposition 4.2.1. We have the following properties of the microlocalizations de-
fined in (4.2.1):

(4.2.5) [XJ/'7 (T?)pyl = 0, 1<) <k;
(4.2.6) (X7, (TP)pp] = p X7 (TP adr(pu)» 1<j<k
(427) D/Ja (Tp)%’w] = (Tp)ady(cp)wa 1 S] <.

Proof. This proof is accomplished by a calculation. (4.2.7) is almost obvious since
the vector field Y; commutes with all the X', X”. Thus we are left with the
verification of (4.2.5) and (4.2.6). As for (4.2.5) we have

(X, (T7)pu) = X}, > AD) Bag(ev)],
la+8|<p
where

(p) _ (_1>|a‘XllozX/BT:D—|oz+5\’

B = Tl
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Bag(p)) = ad.ad, (v1)).

Now
R
o — Ej 0
_ (p)
- _Aoz—Ej B
[XJ/'vBozﬁ(‘Pw)] = adgg_ej adiw(@d}) = Ba+ej B(Sm/’)7
so that
(X5, (TP)pp] = = > ADBase, slp¥)
la+B|<p-1
+ > AP Bayse, sle¥)
la+B[<p
= Y AU By, plev) =0
la+8|=p

Let us now turn to (4.2.6). This time

[X// A((lpg] - _ '((;l)m) X//aX/ﬁ ejP— la+B—e;|
« _ej
= _AC" B—e;

and since adxyad%, (v) = adx adxy(v) — ajady, “ adr(v),

(X7, Bap(p¥)] = ad%ad s (p) — ajadse: ™ ad, adr (),

so that
X[ (@) = = X ADBasie(et) + Y AL Ba pie,(o0)
\a+5|<p 1 la+B|<p
‘0‘ 21
1" yrtta—ej y!Bpp—1—|a—e;+0|
+ Z a—e; vng X X0
\a+5|<P
e} G,dX/ adX//adT(SDw)
=p Xg/‘/(Tp_l)adT(W/J)’
which proves the assertion. u

Proposition 4.2.1 can be iterated giving

Proposition 4.2.2. We have, forr, p € Z

0 ()T g

M-

(4.2.8) [X", (TP)py] =

1
4 Z_p—l — |Xp+7“ l—k—1 dp+k+1((pw)
=0 k=0 (p !

where ad% ;(v) = ad% ad¥? (v), ki + ko = k. When X" = X", the first term on the
right hand side of (4.2.8) is missing.
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Proof. This proof is accomplished by induction with a direct calculation. (4.2.8) is
obviously true when r = 1. Suppose (4.2.8) holds for a certain value of r and that
every X = X”. Then

(X (TP)gy] = X[X7,(TP)py] + [X, (T?)pu) X"
- — r T — T -
= S0 ()X sy + X sy
=1
r -1
_Z ( )X +Hhpr=t=1 ad (o)
r—1r—¢
_ZZCP 1- f;Xp—i-r 0—k—1 dp+k+1(801/})
£=0 k=0 (p—1-0
r—1r—¢
+chp V4 Xp—i—r 0— k:adp-i-k-ﬁ-l((pw)
£=0 k=0

1 1
+Qp;XP+md§;1<sow> — CP S XPX adi (py).

Now taking into account that

T

X i o] = S 1) ()Xot o),

k=1

we get the conclusion. |

4.3. Using suitably microlocalized norms. The next step will be to replace
pr_l(A)z/J(f‘l) in (4.1.1) by the localization (T%)y, -

Recall that g = 1 on a neighborhood of supp¢_; and that 19 = 1 near
supp ¥—1. Then we may write:

(4.3.1) ZJTp‘p—l()\)w—Al)(D$)

= 2 (p, 20610k sen (@) (D) T

p'<p

= > Z( )( ) Lvtppt - (@) 27 YTV

p'<p J'<J

/

bt

where ¢_1(xtp—pr+i—0)(x) = ZJ‘JITp‘p,QO_l(}\) (x). From now on we shall often
denote as a derivative of ¢_; such a blend of derivatives of ¢_;.
Using the above notation we have

Proposition 4.3.1. In order to prove the estimate (4.1.6) it suffices to show that

A ! /
(432) s lomsrpmp+a—) (@Y (D) 27 (TP ) gy 2
P sp
J'<J

< ONFLNS@HAD,

where |J| <2, |[\]| < N, p<N.
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Proof. From (4.3.1) we obtain

(4.3.3) Z7TPp_ 100 () (D)
P J
= Z Z YAV S0—1()\-|-10—]0/+J—J’)(‘T)
p'<pJ'<J

(w“ (D27 T +(27 ) (D))

’

p A ’
N ( / <J>(p 1(dp—p +T—01) (T )1/’(—1)(Dz)ZJ (T%) pouo
< )SD 1(A+p—p'+J— J’)( )

- (wSAf (D)27 o (17 = (1) gy ) + 127 A (D))
= A1+ As+ Az
Clearly (4.3.2) means that A; < CN+HINs@+HRAFID which, in turn, implies (4.1.6)
provided we show that

(4.3.4) A; < CNHINsEHRAIFID - =9 3,

Let us start considering Az. Modulo constants bounded by C¥, the generic term
appearing in the sum contained in A3 has the form

(4.3.5) oo (@)[27 TP

where A; is a suitable multi-index. The term in (4.3.5) can be rewritten as (see
equation (A.2) for the definition of {-})

— o100 @R (D) 0 27 = {o 1) @A (D2) 0 27} | TV

Applying this operator to a smooth function u, by Lemma (A.1) we obtain that
the result can be expressed as

cvin / e / ey (2,1, €)dmi(€)de,
where

rey(2,0,€) = S (144 [pl) 127 baten) (n, €)eion
le]+1

1
. /0 <,0—1(>\1)(x)w(_>\1+€) (€_|_ 977)(54' QT])bl_cl(l _ Q)Icl+6|dg,

Some explanation is in order here: |by + bo| = p' + n+ 1,¢1 < by, and we denoted

the Fourier transform by ZJ'(et+b2+e1)(p €) with respect to X of the (g + ba + ¢1)-
derivative of the symbol Z7 (z, ) of the J'-th power of X or Y. It is worth noting
that this Fourier transform could give a derivative of the d—distribution in the
n—variable, since the X”’s have polynomial coefficients. On the other hand, going
back to (4.1.6), since Z7TP are local operators and ¢ () has compact support
contained in V_;, we may think of smearing out each Z7 by premultiplying it by
a smooth function with compact support being identically 1 in a neighborhood of
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supp 1, e.g. by ¢’_,. In such a way we obtain symbols Z”' (z, £) which are poly-

nomials with respect to & and compactly supported in x. Thus Z7'(etb2te1)(p £)
is a polynomial in £ of order < |J'| with rapidly decreasing coefficients in the n
variables. Hence 7., is given by a sum of terms of the form:

(4.3.6)
1
e X(n) €° / o100 (@A (€ + o) (€ + on) (1= o) eldp,

where |« < |J'|. Writing £ = £ 4 on — gn we may write (4.3.6) as a sum, modulo
constants of the strength C, of terms of the form

(4.3.7) € (o100 (@)
1
/ PO (€ + on) (€ + om)rmertaB (L — g)letel gl
0

where |8 < |a| < |J'| < |J|. The term under the integral sign in (4.3.7) can be
estimated by N*®+A+17D) modulo the N-th power of a constant and since ¢p_;
has compact support the symbol [r. (x,n,&)dn is L? continuous, thus yielding
the desired conclusion. Next we show the estimate in (4.3.4) when ¢ = 2. Again
applying the generic term of Ay in (4.3.3) to a smooth function u we have to
estimate the L2 norm of a sum of terms of the type

(4.3.8) O A0tpprrd—any (@ (DL) Z7 (TP — (TP ) gy ) (w).

Recalling the definition of (T”/)Wwo, modulo N-th power of a suitable constant,
the quantity in (4.3.8) is a sum of terms of the form

(4.3.9)

1 A ' —r r4+J’ T
] <P—1(A+p—pf+J—J')($)1/J(_1)(Dz)Tp 2" ad (1 — potbo)u,

where r < p’ < p < N. Denote by h,.(x,£) the symbol of the operator
Z 7 ad (1 — o). Then supp hy,(z,€) < C(Vy x Tg), while
A
SUPP @1 (A ppr 17— (@)Y (€) G Int[Vo x T).

Hence the quantity in (4.3.9) can be rewritten as

1 A
ﬁ (p—l()\-ﬁ-p—p/—i-J—J’)(x) w(—l)(DI)a hr(x7D$):| u,

since
A
ity a0 (@, D)) (D) = 0.
Now by the same argument on the support of A and ¢_19_1 we have that

A
0 10yt a—ary ([ (D2), he(x, D,)))

A
= ¢ upprs_sn o |V (Dy) hel(e, D)

1
-y @1/’(31%)(1%) hg (@, Dy)

|B|<N
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since

1 o
P A(Nbpp I-T) D @¢£1+ﬁ) (&) h(p)(z,§) = 0.
1<|8]<N 77
The conclusion then follows using Lemma A.l in the Appendix and arguing as
above. |
Corollary 4.3.1. In order to prove (4.3.2) it suffices to show that
(4.3.10) sup [|Z7(TP)pyuoutl 2 < CNFL N*P.

J]<2

Proof. From (3.1.5) and (3.1.6) we have that
lo-1o@wllz < ORI N 2

and \ N
1O @)wll e < P21 KR o] 2.
The assertion then follows combining these two estimates. |

Actually we shall need to estimate more general derivatives of the microlocalizing
functions, due to the interactions of the vector fields Z with the cut-off functions.
First some notation:

Definition 4.3.1. Let Z be a vector field on T*R"™. We denote by Z, a map from
Op S™(R™) — Op S™(R™) defined by

(4.3.11) Zoh(x, D,) = Op(Z(h(x,§)))(x, Dy)
when h(z,£) € S™(R™).
Remark 4.3.1. We have

adx:(h) = X}, h, 1<j <k,

where o 9 o
X = — — g, — n A
= 0y T B T B
adxn(h) = Xj, h, 1<j<k,
where
X/,/ = X/I = a
J J 8$j+k7
and -
adXS(h) = Ysa h7 1 S S S k’
where 9
}’}S =
O0%2k+s

Remark 4.3.2. By the preceding remark we have

(4.3.12) ads ad¥, adl., (h) =Y X! X" (h)
and in particular
(4.3.13) Bag(py) = ad% ady., (ov) = X5 X7 (09).

Equation (4.3.12) can be rewritten as

(4.3.14) ad%(h) = Z2 h.
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To define our generalized derivatives we shall need the following vector fields.

Definition 4.3.2. Write

0 . .
0 0
k= e — a1 <,

0T j1k Tox, T~

1< <k2k<j<n,

= Snay—

a§]+k’
W= W,w"),
0
= = —, 1<73<n-1
] ag]? =) n
= 0 < 0
En = —0— —1t T
agn JZ:; Jagk-i-j
=1 — A =1 — 9
Note that span [ W,Z] = span [ Z, 57 | and span [E] = span [ g ]. Moreover
(4.3.15) [ W), Z, ] =0,
so that
(4.3.16) Wg,o—Baﬁ(s@w) Bap(Wi.o (1),
EjoBag(e) = Bag(Ej0(p¥)),
WjoBas(e¥) = Bag(Wjo (1)),

where the notation W; o h(x, Dy) means the usual composition of (pseudo) differ-
ential operators.

(s)
Definition 4.3.3. Using the fields W; and =Z;, denote by (gog»l)wy)) any sum of

C*® operators of the form
(4.3.17)
(i)™ (@, D) = (279N) " ER W (W 0 050) (2, D),
where s = |r1 + r3, |r2| < |r1|, C is a universal constant and the operations =,

W, and W/o may occur in any order. In this sense equation (4.3.17) is a formal
equation.

Proposition 4.3.2. For any multi-indices a, b and for any s, such that |a+b|+s <
277N, we have

(4.3.18)

PN
1050 (05005) ") (2, €)| < C(CK )T (27T N)lelts (%) ’

ji=0,1,....

Proof. For the sake of brevity put N; = 27/ N. The quantity on the left-hand side
of (4.3.18) can be written as a sum of terms of the form

DLOENT TR ERW I (W'20) (9500 (z, Do)



PROPAGATION OF GEVREY REGULARITY 2549

Let us take a look at the symbol of this operator. Since W’ has a symbol containing
either &; or x;&, we see that W™ o h has a symbol of the form

[y i T;
: : : : a”r‘é7ré/)ﬁx 2 5 2 aw h’

/ 1 1"
o1y =r2 E§r2

so that if we apply Z™ to this symbol and remark that =, means either a &-
derivative or a ¢-derivative multiplied by an z;, we obtain that

1" _ 4
81’5? (erzo)h = E g aTéﬂ”é'l,PhSzgrz o 8? ” 8;2h’

rh+ry =ro p1,52
zgré’

provided so < 71 + b, so < rj. Analogously, applying 02W?3 to the above symbol,
we obtain

OFW S ORELH (W' 0)h
/
- C § : § : § :xm—i—rg—i—ré’—f—sl—pl—pggré’—&ag1+b—52a;2+a+r3—51h7

Té—FT;l:TQ P1,52 P3,51

égrg

where s1 < 5+ 73+ a and sz has the same bounds as above. Roughly speaking we
may say that the quantity in the left hand side of (4.3.18) can be written as a sum
of terms of the form

r1—ro, (r1+rs+r —s1)S qrl —s9 qr1+b—s2 ré+a+r3—s1
Nj gty =) £ 285 Oy (i),

where sy <7y +b, 59 < 1Y, 81 <rh+13+a, rh+ry =71, |ra] < |r1| and (r)S =
integer that can be bounded by r.

Now taking into account (3.1.3)-(3.1.6), since 7o < 71, |{| > N; on the support
of ©;, and || < 2N; on the support of any derivative of 1;, we obtain that the
latter term can be estimated by

, N T1+b—r;’
Kl‘r1+b—52+r2+a+rs—81\ Vi N{r1+r3+a\
-7 § J

and this can be estimated by

a s al+s N; 1o
s (3)°

thus proving the assertion. |

Corollary 4.3.2. Let s < 2N, w € L?(R"); then

(4.3.19)
1(p59) ) (@, Dy)w| L2 < C(CK;) NI || o

Proof. By Theorem 18.1.11" in [7], if H(z, D,) is a pseudo-differential operator of
order 0 whose symbol has z-support contained in a fixed compact set 2 of R", we
have

|H (2, Dz)||2—r2 < C vol(Q) Su? |OPh(x, &)
lpl <n+1

This fact, together with the preceding proposition, gives the assertion. |
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5. THE A PRIORI ESTIMATE

5.1. Preparations. Using (2.4), let us write.

(5.1.1) P(x,8) =Y aa(z,§)Z% +b(x,&)T
lal<2

and

(5.1.2) Plag g0)(2:€) = Z aa(20,&0) 2 + b(z0, &0)T"
lal<2

Then by (2.7) we have the a priori estimate with frozen coefficients:
(5.1.3) Y1270l + 11oll < C (I Py g0y (2, D)o lI? + [[0]?)
|J]1<2

where 371 ;<o [|Z70[1* = 32, <o ([IX70[|* + [Y70[|?). We may also allow z to vary
in a suitable small open set, e.g. supposing v € C§°(R™) with small support:

(5.14) SN2l + loll2 < C (1P 0y DYl + [o]]),
[J]<2
where
(5.1.5) Plag)(®,0) = Y aa(r,£0)Z% + b(x,&)T.
|| <2
We have
(5.1.6)

1Pa.g0) (2 D)ol < || P(x, D)ol| + [|(P = Pr.o (x, D)¢j(z, D))o
<e Y IZ7l+C Y127 (1 = iD)wll + || P(z, D).

|J]<2 |J]<2

where we used the fact that a (7, &) — aa (2, D) has small L? norm when applied
to ¥ (D)v, provided cone supp ¢;(&) is small enough.

Our purpose will be to deal with a function r of the form

(5.1.7) v =2Z"T9 (TP) gy U-
Lemma 5.1.1. Letr <2N;, N;=N 27" |I'| + ¢+ p < N; and w € L*(2). Then
(5.1.8) Y1271 = wiD)Z T (TP) 0wl 120

[7]<2

<C KN N ) o .
Proof. By Proposition A.4 we may write:
Z7(1 =D Z" T (TP) oy w
= CPIHI+p NE(1 — (D)) gl T It

’ 1 _ 1 ’
D+ Hatp—t i (@sth)) 5+
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where J' + J" = J, p' < p, £ < |I' +J"| + |p| (note that the increase of s has
been obtained from the definition of (;4;)("), the definition of (T?) () and
equation (4.3.12). The last quantity equals

1

J|+|1 ’ / Iy | +J" | +p—t I'+J" —t /
I+ +p N{(1 _wi(D))( ) o'+ =t pl'+J" | +a+p . (%d}i)(ﬁp) w
— VAP N T +T" [ +p—t=' DI+ |+q+p—L 1
2 /\

p'!

1@ = )D)F | (i) ]
where ¢/ < |I' + J”| + p — €. Thus in order to prove the lemma it suffices to prove
that
1DF [, (pire) || < KN N
when |7 + 72 + 73] < 2 N;. Since ¢} is a function of € only and due to the definition
of the conical support of ;, 1, we must actually estimate

(5.1.9)

T T T 1 . -
D} w/E 2)(%%)( 3) _ Z E(‘Piwn( 3+ﬁ)¢'§ 2+13) ull
IBl<N; 7

This is the same quantity of Lemma A.1, where now cone supp f(z, ) has compact
cosphere sections (f = ¢}). Using the notation of Lemma A.1, we remark that

| (At ,9))

the supremum being taken over all e, |e| = M, a1 + az = a, |by + ba| = |b] + n + 1,
c1 <ap+ by

If f has compact z-support or if f is a function of ¢ only, using again the notation
of Lemma A.1, we obtain that

/|T61 (w,n,§)|d‘n S % sup )f((;2)($70)0a1+b1—c1

(5.1.10)
|D&(FoH —{FoH},,) Dbuwl|
C‘a-ﬁ-bH—n (a2) aspbi—c (etbater) -
<S—  sw (@)t (R () ).
M j€|=M
c1<ai+b1
a1+az=a

Applying (5.1.10) to (5.1.9) and taking into account the properties (3.1.1)-(3.1.8),
we get that (5.1.9) can be estimated by KN N7 ||u||, and this ends the proof

of the Lemma. |
Applying Lemma 5.1.1 and the a priori inequality (5.1.3) allows us to deduce
(5.1.11)

N2 2T TUT?) o ul 2o
[J]<2

< C (IPBZT TUT?) gyl 2@y + 127 THT?) g 00wl 200y

) I’
_i_KlNlNJ |+¢1+P+THUHL2(Q)) 7
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where P; is defined by

(5.1.12)  Pi(z, Dy)
= ®;i(z)aa(z, Da)Pi(D)Z + @4(2)b(w, Do )9 (D)T
|| <2
= Goi(, D) Z% 4 bi(2, DT,
2

IA

lex|

IA

where ®;(x) = 1 in a neighborhood of Q, ®; € C§°(Y'), Q cC Q' and |D*®;(x)| <
(CNy)lel if |a| < 3N; (see e.g. (3.1.5)). We point out that the introduction of
such a function ®; is always possible since the L? norms in (5.1.11) are actually
L?(Q)-norms.

5.2. The use of the a priori estimate. Let now u € C§°(Q). Assume that i =0
and apply (5.1.11) for i =0 with g =0=1r, |[I'| = 0:

(5.21) Y 1Z7(TP)pevotll o)
|7]<2

< C([[Po(w, D) (T7) ool L2(02) + [(TP) oo vl L2(02)
+KéVON§HUHL2(Q))-

Our purpose is to iterate (5.2.1) in the following sense: we must estimate the term
| Po(T?)poypoul|. In order to do this we write

PO(TP)SDMIJOU’ = (Tp></701/)0P0u + [P(J? (Tp><ﬂow0]u'

The first term is known and hence it will be a good term in our estimate; on
the other hand the commutator generates a certain number of terms according to
Proposition 4.2.1. In particular new X”’s and Y’’s appear causing the number of
T"s and the index 7 to increase as p decreases. Now in the final step of the first
iteration there is a term with p = 0 ; since basically a commutator of two X'’s
generates a T vector field, at this point ¢ may be as large as the original p divided
by 2. We are then allowed to reboot another iteration procedure by introducing
the next pair of cut off functions ¢1¢ and use (5.1.11) over and over. Hence our
main task will be to commute P; with Z7' TUTP) (i) -

We have
[Pi, ZI/Tq(Tp)(%wi)(r)} =[P, ZI/Tq](Tp)(%wi)(r) + ZI/Tq(Tp)(%%)(T) :
Recalling that, from (5.1.12),

Pi(x,D) = > dqi(x,D)Z% + bi(x, D)T,

laf<2

we may write
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(5.2.2) [H-, z! Tq(Tp)(%wi)m}

o 5 [P TR

ol <2

+ @ai[ 2%, ZV ITU(TP) (4 gy

+ 2" T i, (T7) () 0] 2°

+ 2" T9%[2° (T P)pipiyo]

+ by ZV TINT(TP) (pryor + BT, Z7 TI(TP) 0
+ 27Ty, (T7) (0 1T

+ ZI/qu;'[ T.(T p)«a b))

- Y A ZB“v

la|<2 j=1

where dq, b are defined in (5.1.12). We deal first with the A—terms; the B"’s will
then be easy. First of all we point out that if X is a fixed vector field we have the
identity (easily proved by induction)

(5.2.3) i, X = 30 (:)mx Xk

1<k/<k

Iterating (5.2.3) and using the multi-index notation we have

@ I\ (@ -1 1+q)
(5.2.4) AN = - > <|I“| - )ad! q

|| <|1'|
q'<q
[I"|4+¢'>1

OZI/_]//+aTq—q’ (Tp)(tpidii)(” ,
where we denote by
(5.2.5) i) (2, D,) = ady,, o---oady, (dai(r, D,))

Ziys- .. Zi, being vector fields belonging to a “fixed” finite set of analytic vector
fields (e.g. all the vector fields used until now, i.e. the Z’s, the W’s and the Z’s,
may build such a family). Next

(5.2:6) ARy = lal|T i 21 2T (TP

where this term is missing if |I’| = 0 and by Z®*1I'1=2 we denote an expression
of the form Z#, with |3| = |a| 4+ |[I’| — 2; note that this term is also missing if
no commutator between X’-type and X" -type field is involved. Furthermore using
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(4.2.8) and making again the same conventions as above we obtain:

(5.2.7)

|o’] /
i 1 1& ' rnq _
A‘(l‘)l :Z(_l)e 1<| 14 |)ZI T8 (T" e)(@wi)““)so“(a*a”
=1
lo/|=1a’| ¢
-2 2 O
=0 k=
o am.XzH-Ia\ —l—k— 1((piwi)(r+p+k+1)(pﬁ(a—a’)_

ZI/T‘J

We point out explicitly that in the above equation Z¢ has been decomposed as
yo—e' X' (X equals either X’ or X”) and the Y vector fields act on (T?) (g1
according to (4.2.7)—see also Remark 4.2.2—whereas we applied (4.2.8) only to
the X vector fields (see also (3.1.9)).

ST Al + A5G+ 40)

laf<2
SRR NG (5]
la<2 £=0 |1”|<|1']
\I”(T-EI?ZI
.d((llil”|+q’)ZI’—I”+oqu—q/ (Tp—€>(%¢i)(r+z)
(5.2.8) + 37 ol I aai 2120 (Te)

<2
la|—1|a|—£
o] q 1

XYy > o)
A
‘O¢|§2 =1 k=0 ‘IHISII/I |I | q (p 6)
a'<a q'<q
II//|+q/21

.dgiﬂHq/)ZU’—I”\X\O/Hp—f—k—qu—q’ (@iwi>(r+p+k+1)¢ti(a—a’)'

Proposition 5.2.1. Assume a; is a G° pseudo-differential operator of order zero

and assume that CNL((f)

we LA(Q) NE(Q),

entails only x—derivatives of the symbol a al’ )(x,ﬁ). Then if

(5.2.9) 1@ (2, Dy )ul| 2y < CHH0%ul| L2 -
Here s > 1.

Proof. Since

Y4
@l (z, Dy)ull 20y < C sup D2 @), ) pa gyl 2
\Pg\Sﬁ-ﬁ-l
<n

the conclusion follows at once from (3.4.1) and the definition of Gq; in (5.1.12). W
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Assembling the estimates for the terms in (5.2.8) and (5.1.11) we obtain:

sup |27 Z1TUT?) (4, py o tll L2 ()
[J]<2

= { 1Z7 TUTP) (g, 50y PiPull 20

HNZETUT?) gy (PP — Pi)ul| 20
HIZT TUTP) oyl 2 g) + KNP ) o
ol l+d N7 1+d)s

%

+ sup
la|<2, <2
\171<|7]
q'<q
[1"+¢'>1
(5.2.10) |z e (TP v | 2y
* o M 12 22T (T (g gy ull 2
[0 —

+ sup oI1+d U 1+d)s
K2
la|<L, o <a (p - £)|
1<0<]al =1
0<k<|a|—¢
q'<q, [I"|<|I']|
[I"|4+q¢">1
-1’ o |4+p—~C—k—1 —q r+p+k+1 a—a'
12! [ xle/I+p T (@iah;) TP ) p# )UHL2(Q)

+ sup |AS%U|L2(Q)}

| <2
for |[I'l+p+qg+2<N;.
Lemma 5.2.1. Let |I'| +p+q+2 < N;, r < 2N;, then
1Z" TUTP) ()0 (1P — Pl g2
< KiT+Ni+2NiT+‘I/‘+p+q||u||L2(Q)7
p, ¢, I' and r being defined as above.

Proof. Recalling formula (A.4) and remarking that ¥}(£) = 1 on the support of v,
we may write that
(5.2.11)
ZITUTP) oy (8P — P)
= Z C\I'\+p+qur’+T”O (|$|\I'I+p—r/> (pith;) THPHD)

1
~ p!
' +7<| I |[+p+q
r’ <2 |a|<2

% DY (0, (1= 4)(D)] DI O],
where D¥ means a derivative with respect to = of order k. The first order term in

T in the expression of P receives a completely analogous treatment (even simpler!).
Denoting by 1" () a cut-off symbol of order zero such that supp ¢} C {¢} = 1},
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1} =1 on the support of ¢;, |¢)| < 1, we easily see that, due to Corollary 4.3.2 it
suffices to show that
(5.2.12) [ (D)D [@ia, (1 —4;(D))] DFwl| 20
< KMNTT )|,
whenever |1y + 72| < 2N;, 71, T2 suitable multi-indices. Note that since supp ¢} C
{¢; =1}, we have
(5.2.13)
Vi D7 [@ia, (1—1i(D))]
= ;' D3 ®;a(1 — ¥y(D))

= D' [, ®;a] (1 — ¢}(D))

=D (v~ Y 500 (vl (@) )| (1= w(D)).

[BISN;

As a consequence we must estimate

(5.2.14)

1
DI |4 %0~ 3 Z0p (v{s)(®:0)?) | (1= w(D)Dw
I8I<N; L2(0)

< KiNiNil'r1+'rz| Hw||L2(Q)7

and the estimate in (5.2.14) follows from Lemma A.1 arguing along the same lines
of Lemma 5.1.1. [ |

5.3. Estimate of the term containing Agg In this section we will estimate

terms of the form [G(x, D), (T?)(4,4.)(r)], modeling those which build A(()g But first
we need a suitable formula for the commutator of two pseudo-differential operators.

Lemma 5.3.1. Let G(x,D), H(z,D) be two pseudo-differential operators with
symbol g(x,€), h(x,&) respectively and let

(5.3.1) 93 (. €) = 9¢ Dg(x,€),
(5.3.2) (G, ) = g3 (2,9),
for any multi-indices o, 8. Also define, for a positive integer M,
1
0<6<M
i.e.
(5.3.4)

{Gomu=CoH—[GoH—0p( 3 29V Ohiy(.6) |
0<6<M
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where, as usual, Op(q(z,£)) denotes the pseudo-differential operator with symbol
q(z,£). Then for any M non-negative integer,

(5.3.5)
{GOH}M _ {HO M}M _ Z (—1)|ﬁ\ {H(a) o G(Oz)}M )
K ol (8) © Y (8) I M—|atf]
1<|a+8|<
Corollary 5.3.1. For any M we have
_ O @) gl
(5.3.6) G.H = > i ) ° G + e

1<|a+B|<M
where
(5:37) Rimum = G.H] — ({G o Hya — {H o M}y)

_ (=D @) e (@) _ ()
= > ol ({Hm © Gg) nr—la+p = Higy G(ﬁ)) :
1<t Bl<M

Corollary 5.3.1 is just a restatement of Lemma 5.3.1.

Proof of Lemma 5.3.1. By the general calculus we have
1
o([G H]) ~ > 5(9(6%(5) — 1P gs).
lv|=1

Using the identity

NESS (_1)v|<j)

[6]>1
v<18]

we obtain that

L, (=1 5—
kg = 3 S peGg

5! 16 — )
1< e =)
so that
1 )
= > gMaw = X o{HY oG )
1<|s|<M 7 1<|y|<M
Since
1 1
5 ) 5
hog® = > Ve — > 5k
0<|81<M— 6| 1<181<M— 3]

using the same identity on the second term we obtain

1 1
> 579 = > 51 o{He 0 GObarys)

1<|8|<M 1<|8|<M

—_1\ll
LYy BT qmG) o6,

I
1<j6/<M 1<qi<m—ls] O

which proves the lemma. n
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Our purpose is now to give an estimate of the last term in (5.2.10). We use the
convention that H(z, D) denotes the operator

H(‘T?D) = (I)i(w)H(x,D)\I/;(D),

where ; = 1 near Q and |D®;| < (CN;)!°l, for |a| < N;. It will also be useful to
make a small change in the previous notation; namely we set

(_1)|a\ (») (»
5.3.8 TPy = AP . )
( ) ( )@1/1 a-i_zﬁl:<p Oé'ﬁ' a3 a,3
where
(5.3.9) AP = x"e x Oplathl
(5.3.10) BY), = ad.ad%, (¢) = Ba(p)) = Bag.

Using the general formula
[AB,G) = A[B, ] + A, C)B,
and Corollary 5.3.1, we may write

[(T%) iy, G = R[(T")mwi)(r) G].Ni

(5.3.11) + Z (—1)l (?,) (5,) (p - |i i 5|> églz,ﬁ',r,é)

[Y+6|<N;
a'<a,p'<B
T+|a+B|<p

1<y 48]+’ +8 |47

(p—lo’+8'|-7) AGNON.
XAoz—a’,ﬁ—ﬁ' Ba,ﬁ((goﬂpz) )('y) alﬁl,ylél

_ ~ 1 v2
- R[(TP)WWI_)(T) ,GI,N; + Er,i,G + Er,i,G’

where
(6312)  Rygwy  am= D (_Oj—;,al
la+B[<p
|G -2 o G
—ADLGBY), ~ {GoBYL}N)

+AT, Cos

Alp!
1A+ <N, H

<) @) (1) SO @) (1)
x ({G) © Balain dvi—ineul = G © Bals(n)| -

(5.3.13) G 50 1)(®, D) = adad%,adi (G (z, D))
and where Ei_ié and Ei.ié denote the sums over |y + 6| < p— | + 5| -7

and |y + 6| > p — &/ 4+ 3| — 7 respectively. Here églz.a/,f,g) has order —|v| and
Ba,ﬁ((@iiﬁi)(r))gi)) has order —|§].
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In El é we want to decrease the number of derivatives in A(p olta ; A ﬁ|, ™) in order

to brlng G( '8 76) and B, g((0it:) T))(v)) up to order zero. When possible we do

this exploiting exclusively powers of T' (grouping these terms in E1 G) and with a
mixture of 7" and X derivatives, otherwise (grouping these terms in EEZ G)
1 ol 2
(5314) Er,z,G’ Er i,G Er,i,é’
where
(5.3.15)
1 el (@ (B (p—la+ Bl
Eni,é - Z (=1 <a1> <6/) ( .
|y +8|<p—|a’+5'| -7
[y +6|+|e/+8'[+7>1
a'<a, B'<p
C) vl g =o' +8'| == |7+ ple] INORR:
Gl T A S T Bas(00) ™)) qizmamn
and
(5.3.16)

fom 2 )G

|v+6|<p—|a’+8'| -7
[y+6+a’+8'|+7>1
a'<a ,B'<p

e —|a’ =1 — )\ (6
. GEZ},ﬁxn&)ZMX(p la'+p’| Iv+61) 7161, Ba,ﬁ((%wi)( ))EV)

where in (5.3.16) Z means either an X or a T derivative. That is, if there are any T

vector fields remaining after bringing GE; or B ﬁ(( )) up to have order zero in 21 e

they appear explicitly in expressions containing A or B.

As for 22 & we recall that we actually want to estimate the norm of

I 2 K
|4 T‘IE”GV

applied to u. Our strategy will be to fully exhaust Aa Oltoz ﬁ+ A BI,_T) and bring in

additional derivatives as well from the vector fields preceding and following 22 i

Here, with a change in the notation used in the preceding sections, we denoted by
V either a derivative along the X (i.e. X', X”) direction or along the Y direction.
Thus we may write

1 2 k
(5.317)  VITIS? LV

5
CNG) s san 2225 2% ady (Baﬁ ((wwz-)“))iv)))
where 327 | s; = [ + K| +p+q— |/ + /| — 7, and, unless s3 = 0, we may take
[s2| = |7], [s4] = [6]- In any case |s2] < |v|, |s4] < |6] and we may choose to include
first any 7"’s present in Z%2, Z54. Then, when the T’s are exhausted we include the
possible Y’s present in Z°2, Z°4. Only when these are not available we may include
X’s in the Z%2, Z*%+. At the end of this process we are left with a term Z3 of the
form Z% = T"V® where, as above, V denotes either an X or a Y derivative,
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b1 < q provided ¢ > 0. We sum up what we have done up to now in the following
equality:

(5.3.18)  vIT¢ [(TP)(%wi)<r>,é} vE

= VITIR 1 VE
[(T2) 9000 ]V

+Y VT (B, o+ B2 o) VE

ri,G
1 ~
N; () S2 1783 1754
gy i Z agﬁwng(a’,ﬁ’m,é,m)Z z07
T+la'+5'|<p
[v+8|<N;

S I8 (5)
oady <Ba6 ((%’dh’)( ))(V))

where 7% = TV b < qif ¢ > 0 and 25’:1 si=I+K|+p+q—|o +0]-T,
[s2| < 17], |sa] < 18] (equalities hold unless s3 = 0).
Before proceeding we want to bring all the C:'E; to the left. Writing @ = o — o,

B=p—p weget

(5.3.19)
vITa [(T”)(%wi)<r),é} vE

=VITR 4 VE
[(Tp)(sﬁiwl')(r) ’G] Ni

N CAYEAYRUAYEAY
f o ) () ()

1<|a’+B"+v+6|+7<p
I'<I, ¢'<q

. ThlyI=1'pa=d

Z (_1)\64 (p_|0/+ﬂ/|_|&+5|)
_ T
la+B|<p—|a/+p'| =T —|v+9]

L gp—la’+8/ ==+l s ) @ K
PRI N (D )MV

+ 3 Z(—l)al((j) (5/) <P—|<j_+5|>

p—7—|y+6|<|a+B|<p—T 1'<I
o'<a,B'<p a'<a
1<|a’+8"+y+8|+7<p

TN (e _ L A
X <|I’| q ag@w[é!G(a’,ﬁ’mé,ll’\,q’)

x ZW ra=d yI-I'tp—le/+847+6l-1 718l g, ((%1/%)(1”))(6) vE
()

X
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1
N; V)
+C Z a!ﬁW!é'G "87,78,51)

|81|+\bll+\bzl+\v+5\ +K|+p+q— |’ +8"| =7
o' <a,B'<B,|a"+8'|+7<p
by<q if ¢>0

(6)
X Zh/lTblVszaﬁ ((szz) )
()

1 ~
N;
te > a!ﬁw!évG 88

[s2+s4|<|y+6|<N;
|s1+s2+s4|<|T+K|+pt+g—|a’+8|—T

(6)
. Z2F% Bg (((Pid}i)(T)> .
Q)
The second term on the right needs rewrltlng if it is to be brought into a form

where the $A;3B,, 5 5 +5((<pzwz)(T )=L a5 (P~ lof +°‘+5 +5|) have the right balance,

as in (4.2.1). First we write

<p—|a’+d+ﬂ'+3|>

.
—la’ + 8] =€\ (la+ 5|
(53200 = Y (—1)f<p N )( )
e<|a+p|,r Tt ‘
o+ B~ a\ (B
- ¥ el ) = (20
E§|&+,§|;T T_é |Oz”+ﬁ”|§f~ a ﬁ
a//Sd7B//§B

Proposition 5.3.1. Any expression of the form
5 ady} (odp Ban(adl? (p)™)) VE
may be written as a sum of C'P1! terms, |p1| = |6 + X7 +7|+ | K|, each of the form
ol B, (((pw(lmlw))
where |p1| < |p1] =16 + X1 + ]+ |K|

Remark 5.3.1. This is where the precise form of the vector fields introduced in
Definition 4.3.2 is needed. In particular, any z- or &-derivative of a symbol can be
thought of as the action of a Z, field on the symbol itself. We point out explicitly
that the W, and =, derivatives may be commuted with B, g and go directly onto
their argument, see e.g. (4.3.16).

Proposition 5.3.1 is very easy to prove.

Proof. This is a repeated use of Lemma A.3. An expression of the form V%o f(z, D)
may be written as Cl! terms of the type z° Wlof(x,D), & < 6. Using the definition
of the vector fields in Definition 4.3.2 and Lemma A.3 we prove the result. |

Using the argument of Proposition 5.3.1 we may write

6
(5.3.21) 71! (Bd+a G (o)) )>
’ ! ’ ’ ’ (5)
C\'y+5+a +6 \xp B. - s (r+|v+é+a’+8'))
a1 (i) ),

where |p'| < |y+ 6+ + 7.
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Let us focus our attention on the second term of (5.3.19) and take into account

(5.3.20): the coefficient (5,)( g/)&%@ = Wﬁ”'é" wherea =a—ao”, 3=3- 3",
makes it appear that a, 8 should be the running indices, not &, B Well,

(5.3.22) AP _ xra xona 1B x 18" ppi—la +6" |~ |a—p
aB ’

but now the vector fields X’#" are in the wrong position. To manage this type of

term, where, if we maintain the balance needed for iteration, then the vector fields

are in unadmissible locations, we have found it helpful to write

(5.3.23)

(Tpl)X/o,mw,ad;(,,((@/?)(”)
(_1)‘0‘1‘ o - ~ I\ (r
= > LT AT adS B, (20)0).

lar+61|<p1

Thus the second term on the right of (5.3.19) becomes

(5.3.24)
¥ @) () ()

1<’ +6"+y+6|+7<p
I'<I,q'<q
! /
x Ty I=1'pa=d Z (—1)" <p — o/ + 5| - Z)

12 "y ~ 2 T= é
o' +6" |=t<| G+ v
a''<a,8"<p

(-1
a”!ﬂ”!

~ (Tp—\a’+5’|—|a”+5”I—T—I'y+5|)

> C|y+§+a’+5’|X~a”

vE
X8 30" ads] ((anhs) (rH kot +67+671)) )
where |p'| < |y+ 6+ + 7.
First of all let us now deal with the X"#":
(5325) (Tpl)X’BH,I/p/,adaxl,/7((¢1z;)<7‘))

_ ol m Y 18y
e (T )X’ﬁi’m'ﬂ’),ad;*%,(<¢nﬁ><r>)X ’

where >~ 8/ = 5”. Now
X' (') = |p/|PF 1Y g max{p’' =570}
and, as above
ad, " (Bag ((80)7) ) = €12+ 10/02 B ((20) 1)
where |po| < |&” + 55|, |9| < | + B5|. Hence

(5.3.26)

(T™) x84 yr0 qaer” (rly+6+a/+6'+6" )
XL xle )U«dxm((saﬂ/)i) rHirtota )

— Ol +87] |p/||ﬁi'|(Tp1)

184
x'P"+r2 ((wiwi)(7‘+\7+5+a’+ﬁ’+/3” I+]a’ +3Y \)) X

where Y 3/ = 3".
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From the definition we have

(5.3.27) (T xy (ovy = 2] (T™) oy + (T Do, (o)
x;/(Tpl)(apqp)(r) + Z(Tpl_l)x7(¢w)(7‘+1)

P1
= D (T ) i
k=0
and
(5328) (Tpl)Xé,(pr)(T) == LL’; (Tpl)(w¢)(r) + (Tpl_l)(¢¢)(r+1)

so that, for several X’s, with > k; = k, we obtain

(T"") xe (pp)™

p1 p1—ki pl_kl_“'_k\f\*l
(5329) — Z Z . Z Ck1+k‘2+-..+k‘5‘x6 (Tpl_k)(ww)(TJrk)
k1=0 ko=0 k“s\:o

P1
el+k—-1\ -
k=0
where |¢'| < |¢|. Furthermore, since

(AL

T —|a + 3" a3
C( T )(p—|a’+5’|—|a”+ﬂ”|)!

I\ |o + B (p— o/ + 3] —1)
_ ”+,8”
< CTiNiT - |
— 7_! b

we may estimate (5.3.24) applied to u in L?-norms by

(5.3.30) sup O+’ +8' 1+ +k+q +|I|

1<|a’+p"+y+8|+7<p
I'<I,q'<q|a"+p"|<7
o' 1< |’ +8"+y+6]
1<p—|o/+8'+a" + 5" +y+6| -7
al’<al 3 By =p" <!

d3
Ni

X
N (g +7+ |+ 5 + v+ 6| +|1])!
<Jezz

I_I/ " A ’ 1 "
,ﬁ’,'r,\l’l,q/)TMV T et

’ ! " 1 1
(Tp—|oz +h a8 +7+5‘_T_k)(gpi'¢i)(d2+7‘) VﬁS +KU

)

whereds =7+ k+ |y +6+d + 08+ + 6"+ |I'|+4 — & + 6] and doy =
[y +6+a + 8 +a"+p"+ BY]. We have written out ds, da since dz is the number
of new derivatives on (p;1;) and ds is the net loss of free derivatives. We point out
that d3 > 1. Bringing the powers of = to the left of VI=I'+a" Pa=d" will not alter
the form of (5.3.30) substantially, it merely adds to the supremum the condition
1P| < | T—=T+a"],|p +a’ +B"], replaces VI=I'+a" py yI=T'+a"=p" ‘1oves every
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2 to the left of VI=I'+%" and adds a factor Cl¢'+o+8"IN*" in front. Thus (5.3.30)
is bounded by
CNZ AT+Aq+AK+Ap
(5331) sup ( ) s |
IK G<q,p<p Nz|’y+d1|
p/2,8/2, |d1+'y\<AI+Aq+AK+Ap
AT+Aq+AK+Ap>1,Aq>0

X |[GON TP VITHT?) s X

where AT = |I| —|I|, Ap=p—p, Ag=q— G, AK = |K| - |K]|.

Remark 5.3.2. From now on we shall occasionally include a numerical multiple by
N; as a derivative of a localizing function when this will be enough for our purposes.
Thus (p)@+?) could refer to N%(y))®). Moreover we shall restrict ourselves to
the analytic type of estimates, since this will be enough for the propagation of the

regularity theorem.
p—la+pl\ _ N/
T - T' ’

(|of + B+~ 46|+ |I'| + ¢ ) < Ol T8 70T+ o/ g1~ 181 T 1!
and applying Proposition 5.3.3, the third term in (5.3.19) is bounded by
NAI+Aq+P

N7 ldy + 4!

Using the fact that

(5.3.32) cNi sup

[T1+d<|I|+q+p
s<Nj,|di+v|<N;,Ag>0

& arovTew

again with AI = |I| — |I|, Ap = p — p, Aq = ¢ — G, all non negative in this case.
The last two terms in (5.3.19) are similarly treated. For the next to last we get

the bound

N NAIHIK[+Ag+p

7 3

15:3:3% e, NI

S<Njy,|di+v|<N;

HGEZB)ZMTqVI(‘Pﬂ/Ji)SWLT

As for the last term, using also Remark 5.3.2, we have the bound

NW|—|52|NK 1
(5.3.34) cNi sup <
\MﬂﬂMKWJWNM'M”‘““w@'&
ldi+],1v+6|<
|s|<N;

HG VA (@iiﬁi)(rﬂ)vKU‘

le|+\K\+p+q

< CN" sup - 7!7‘_‘52‘
sal<Ihs<n: NP ld+ !
[d1+v|<N;
HéEZSZSz (Wi¢i)<r+s)u“ :

where the factor N/7171* will later go with GEZB)Z”.
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To bring C:'EZB)ZSI, |s’| < ||, out of the L% -norm we must recall that the symbol
of G has been cut-off to be zero for [£] < Nj:

o (G0) @6 = 000} (@(a)g(x.&)(&)
= g\ @OT©O+ Y gl M@ ori(e),

1< |< |

when z € €, since ®(x) = 1 in a neighborhood of Q.
Since Z* is at most C"'”('S )|7 |l < CMI||! terms of the form D' =7 25"~ for
some v’ < s’, we may write

|op (9 (@ Owi(©) D w

< sw ofdl (@08 W) vl

lpl<n+
€]
" =g (g)
< Su Cld+etl(d, 4+ p)! !miz w
€]
< oolhy @l = s)ls
= NPT
so that
(5.3.35) HOp (g(dl (,€)0 (g))‘ LSOO )

if w has support in a compact set (so |z|l*' =l < Cls'=7'I < Chl) and ¢ may be
taken to lie in T';, which we will be able to do since w will contain p;1;. Again, for
sake of simplicity we are assuming that ¢ (and thus P) has “analytic coefficients”.

As for the case |y1| > 1 (i.e. when some derivatives land on W;(€)) the expression

g (@, &) (€)¢ " has g-support in {N; < [¢] < 2N;} and

sup }Bg (981_)71)(%5)\1’;(%)(5)58/_7/)‘

[p|<n+1
N;<|¢]<2N;
< su C\d1+’v|+n+1d |(| _ |_|_| |)' |§|‘S,_’Y’|
- \p\<7?+1 Y =m p .(1—|—|§|)"Y—’)’1‘X{Ni§|€|§21vi}
€]
di!(|y — |+ |p)!
< ool gup (I |7_S|um|/_|3‘
lp|<n+1,y"<s’ (L+1€) 1
N;<|§]<2N;
< Qi+l di!
- I,Y/_S/|7

7

I
so that for |y| > 1, due to the fact that M‘:,‘ <1,
N,

7

(5.3.36) HOp( =) (4, €)W ’”1)(5)) ZwH

=< CC'dlﬂ‘dl!szs | (Ocinvesier<any) 7 U’H '
’Y,S ’
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Since in our case w = Tfi\/[~ ((pilbi)(r_‘—s? 1743 u, so that the conic support of w lies in
Ty, we write 2% =Y TV (0;4h;) "9 VK with all the V’s at the left:

s — TqVI((p w ) r+s)VK CK s’ —y TqVI+K (4,0 w )(r+s+|K K’ |)
for some K’ < K, and each of these terms is bounded by
NP DIHIHE —p ' ="+ I+K'|=p (%wi)(r+s+\f<—K’\),

with p/ < min{G+ 1 + K',s' —~+ +1 + K'}. Similarly, using the definition of

(TP) (pspi)rtar, TP TqVI(T”)(w po) o VE is at most CNi terms, each less then Np
terms of the form

1
alB!

for some «, 3, p/, K’ with |a+ 8| <p, K’ < K and

= pitTHp K —p' ot KT (pithi) (|a+Bl+r+s+| K—K'|)
)

ol < min{q + || + 5+ |K', |p| + 1| + 5+ | K[}

Thus
HX{Nz-<|£|<2N1-}$S,_W,Tqvi(%i/%)(ﬁs)VRuH
< swp N‘”‘”K'H )(r+s+|f<—K’\>uH
K’<K
and

HXW@I&IQM}#T&V}(Tp)wiwi)(ws) VK“H
(5.3.37) < CYi sup Niq”+ﬁ+\f+1</|—|a+m H(%‘1/11')(T+S+IR_K/|+‘O‘+5|)U",

afB
K/'<K

Let us now use (5.3.35), (5.3.37) in (5.3.31)- (5.3.32). Thus (5.3.31) can be bounded
by

(5.3.38)
C(CN;)| =TI+ K =Kl+p—p+a—d+oldi+]

N_SN]dl‘i"Y'

L oM | i‘;l‘OCN?JFﬁHHKl'_le H(%wi)(rJrerK—K’+|a+ﬁ)uH}
@ sp

TIVI(TP) o poyoin VEu

(C’Ni)\f—leK—f(Hp—in—é
< NG
3
N; A7+ K+ +p+g+r
CYiN;

HT@Vf(Tﬁ)(%wi)(rJrs) VRUH

_|_

E op H(%%)(HS )“H
N; |s’|<2N;
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Next, (5.3.32) or the third term in (5.3.19) is similarly bounded by

(5.3.39)
NI+ K=K [+pta—g+]y] =5
CNi i Nldl“”}"
NpNH '
. {HTqVi(%wi)(Hs)VkuH +CNiNf+|f+K/‘ H(%wi)(wsﬂk—xw)uu}
NI HIE=K [ 4pta=a _
< CNi i HTqVI(SDsz>(T+S)VKUH

- S
Ni
[I|+|K|+p+g+r
N'L'

+ Sub “(Wiwi)(T+S/)u“ ’

NI |s/| <2N;
1: = K2

Thus (5.3.19) may be rewritten, using (5.3.11) and taking into account the bounds
under the suprema in (5.3.31)- (5.3.34), as

Proposition 5.3.2. Let |I|+p+q < N;, |K| < 2; then

[ g, 6] V]

I K
: HV TQR[(TP)(tP-;w-;)(T)7 é]’N"V Y

3. + sup ; i) (rs) u
5.3.40 C CAINANVITHT?) oo VE
Ag+Ap+AT+AK>1 s
Ap>0
s<2(AT+A+Ap+Agq)

—AL=|L|-|K|<Ap

+CNi sup NJA‘ HVqu(goiwi)(Hs)ViuH,
p=0,Aq+p>0
AI+AL+Aq+Ap>1
SSN»;
where AI = |I| — |I|, AL = |K|—|L|, Ap=p—p, Aq=q—G, A=Al + AL+
Ap + Ag, [A| = |AIl +[AL| + |Ap| + [Ag].

We remark that L may be large and hence AL may be negative.
We have

Proposition 5.3.3. We may take L = 0 on the right hand side of (5.3.40).

Proof. The idea is to commute the V' fields behind (7%),, )+ . We need only
to be concerned with the X vector fields; in fact the result of commuting back a Y
vector field will give a term analogous to the last in (5.2.8). These terms contain
(positive order) derivatives of (p?& and will be estimated easily by exploiting the
assumption on the W F' of u in the leaves of the characteristic manifold.

As for the X vector fields, it suffices to make the following two remarks. a) For
a bounded number of X’s we may commute them back to the left of (%), )
by introducing a new constant and replacing p by p — £ and s by s + £, £ less or
equal than the number of commuted fields. Doing so we do not alter anything else
except the C' in C™i| since the second term in (4.2.8) (Proposition 4.2.5) is readily
absorbed in the next to last term of (5.3.40).

b) For more X’s (there are at least |35| < |8”| < p of them) we use Proposition
4.2.5 ensuring that only terms free of (Tp)(%uji)(r), p > 0, occur when we commute
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X'F with (T)(p,p;) and these terms are readily absorbed in the next to last term
of (5.3.40). u

Let us now go back to (5.3.19). We claim, for the remainder term, that
(5.3.41)

HVITqR[ VK S (CKZ)N-L NJI\—O—P—F(I—O—T’

TP (i) G]
provided that |[I| +p+q < Nm r < 2N;.

Recall that o(G)(z, &) = ®;(x)g(x, €)¥;(€), where ®;(x) = 1 in a neighborhood
of 2 and satisfies the inequalities |D°‘<I>Z(:1c)| < (CNp)lel) ja| < 3N;. We have

Lemma 5.3.2. Let aqg (((pﬂ/}l ) o (Bag (((pﬂ/)i)(s))). Then
(5.3.42) ‘ (%)p (aa,e ((goi wi)<s>>)m (2,

il N; 8]
< (C’K )s+|a+ﬁ+p+’y+6\N +|a+B+p+7| <|€|> )

Proof. We may write

<%>” (aaﬁ ((%’ %’)(S)))E:
SO

r<|a+p],lp+l

S ey <8%>T+p <§€)6wa+ﬁl—r ((wwi)(s+'°‘+5“”>

r<|a+p],|p+I

a\?*
_ lat+B+ptyl g [ 22 la+B|—r ) (8H atB+p+v]—7)
> gy () e () ).

r<|a+p],|p+I

and the result follows from Proposition 4.3.8. |
To estimate the remainder term, we write
VITIR 1 V7

[(TP)(%_%_)(S), G]JVi

N; g’
. CUNT™  <l1l+P+q pll1+P+g—r

1311681

rsiiiep PO

<]

Flo Hly s — {F5 o HY } D=7 gll=r"y
( afB,y af,y af,é i—‘(s“")"

where either ”

(i) Fgﬁ vy = G(g), ag 5= ( a,e(wbz) )(5)1
or
.. s\ (M)
(i) Fls, = (Baslpat)®) 5, Hiss = G,
with & = 8 =0 in case (ii). In all cases p+ ¢+ |I| < N;, s < N; and |y + 6| < N;,
la+ | < p.
The claim is proved by an application of Lemma A.1. |
Summing up we have achieved the proof of the result of this section:
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Proposition 5.3.4. Assume that u verifies the hypotheses of Theorem 2.1 (with
s = 1 for the sake of simplicity). Let C;’(x,Dm) be an analytic pseudo-differential
operator of degree 0, |I'|+p+q < N;, r < N;, |J| < 2. Then there exists a positive
constant C' = C(G), independent of N, such that

(5.3.43) HVI/T‘J [(T”)@iwi)m G‘} VJUH
c1alNylAl
C sup —
A>0,Ap>0,Aq>0 N;
s<2A|I|—|I'|<Ap

+CN sup  NATE
Ag>0,A>1
SSNi

_’_CcNiN]I,H’P‘HI“’TK_NH-T||u||
where A = AI + Ap+ Aq, AI = |I'| + |J| = |I|, Ap = p—p, Aq = ¢ — §,

|A| = |AI| 4+ |Ag|l + Ap and V denotes, as usual in this section, a derivative either
in the X orY directions.

IN

“Vqu(Tﬁ)(@i¢i)(r+s)u“

Vqu(%%)(HS)UH

5.4. Reducing the order by half and the end of the proof of Theorem 2.1.
Combining (5.2.10), Lemma 5.2.1 and Proposition 5.3.4 we obtain the estimate
(5.4.1) sup HZITq(Tp)(g;iwi)(r)uﬂw(ﬂ)

I=I'+J
[7]<2

< CRNZITUTP) oy @iPul £2(ey

+ sup C‘A|N1'A_S||ZITq(Tﬁ>(<Pi¢i)<T+S)uHLz(Q)
AqZAOSAiPZO

s<2A
+CNt sup NPT ZTTY @) Ul pagq)

Ag>0,Ap=p
s<N;

FONN T R a2

+ '] Skllp HZI(Tq” (T?) (o) ullz@) ¢
q'/Lq|+1

where Z denotes as usual either an X- or a Y-derivative.
We point out explicitly that in deriving (5.4.1) we used the assumption that gbigpg(a)
is analytic, if || > 0, near our base point p.

Now starting with i = ¢ =7 =1 =0, p = pp we use the estimate (5.4.1) with
i = 0 repeatedly. Each time we resubject the 2nd, 3rd and 5th terms in (5.4.1)
to (5.4.1) to reduce |I| +p + ¢ (in the 3rd term p = 0 and it cannot be subjected
to (5.4.1) again). The aim is to obtain only the first four terms in the right hand
side of (5.4.1), which will happen eventually. That is, we claim that the last term
in (5.4.1) will eventually disappear. To see this, observe what happens after each
iteration: in the last term ¢ has risen by 1, but |I| has dropped by 2. After at most
% iterations, every term will either contain Pu or, we claim, have p = 0 and have

u
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at most 1 free Z, with ¢ at most equal to M' To see that this is the case, note
that in Proposition 5.3.4, p decreases in each term on the right, while in (5.2.8),
p may keep it value. Now these terms arise only if |I'| + ¢ > 0. Thus a given
application of Proposition 5.3.4 may reduce |I'| or p or ¢, but once |I'| 4+ ¢ reaches
0, p must decrease. The value of g need not decrease, and may rise (via [X, X] =1T)
to one half the original value of |I'| +2 + p or pOT“ (new Z”"’s arise in Proposition
5.3.4—first term on the right hand side—only by a corresponding decrease of p).
Thus we have proved

Proposition 5.4.1. For p < N;,

(5.4.2) sup || Z7(T7) (gl L2
|7]<2

S CNi { sup Nf‘_s||ZIT‘3(T5)(%¢1,)<S><I>Z-Pu|\Lz(Q)
s<N;+2A
+ sup N2 Z7 (@) O T 120
s<2N;,2A
[7]<2

+ Nf_SKiNiHUHN(Q)} ,
where K; satisfies the bounds (3.1.1) - (3.1.8) and A=p—p+q+ ¢ —|1].

Lemma 5.4.1. For |I|+p+q < N;,s < 2N;

1
N?

) T
[ XTTUTP) ()0 ®iPul| L2(0) < C]]cv’KiNlNi| I+pta,

Proof. The proofis clear due to the assumptions of Theorem 2.1 and by Proposition
4.3.2. |

For the second term on the right in Proposition 5.4.1 we pass to a new pair of
localizing functions, P i, where i’ is the largest integer such that ¢ +2 < Ny (so
that g!=!) < CNiN; 4.

Proposition 5.4.2. Let |J| <2 and s < 2N;, § < N;; then

1
N;

(5.4.3) 127 (i) N (TT = (TT) o Ju]| 2 () < CVHINT.

Proof. This proposition is proved by arguing exactly as in the proof of Proposition
4.3.1.

Proposition 5.4.3. For S <2N,,

sup |27 (pit0) N (T) s yrull 20y /NS
[J]<2
< CNiKiNi sup HZJ(T(?)%MUHH(Q)-

J|<2

Proof. This proof is a consequence of the bounds (3.1.1) - (3.1.8) and the bounds
on (p;1h;)®) (Proposition 4.3.2). m

Thus we have shown:
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Proposition 5.4.4.
(5.4.4)
sup ||ZI(Tp>tpi¢iu||L2(Q)

[J]<2
p<N;

<SCONMKN ENPllullpzy + sup  NPTPHIZT(TPY) gyl 2o
p1<(Nit+2)/2
|J]<2
+CYINPEN
Iterating log, N times (5.4.4), starting with ¢ = 0, p < N, we obtain
(5.4.5) sup (| Z27(T%) g0t L2(02)
p<N
[7]<2
< ONMK)NY{|[ull p2(0) + CF}
< CV NI
thus proving Theorem 2.1 .

6. PROOF OF THEOREM 2.2

To prove Theorem 2.2 we prove a slightly more general result.

We denote by @ a pseudo-differential operator of order zero whose symbol has
small conic support (soo to be used to microlocalize), and by D any of the partial
derivatives %, 7 < n. Our starting point in terms of estimates is

(6.1) D IX0lIZe + [lollf < C{Re (Po,v) + [[v]1Z.},
j=1

where § is a real number, 0 < § < 1 and the operator P has the form

P=Y" aX;+ibXo.
<2

Theorem 6.1. If (x0,&) ¢ WFs(f = Pu) for some distribution u, and some
s> 1/6, then (x0,&) ¢ WFg(u).

Proof. Assuming the solution u belongs to C*°, we need to obtain reasonable esti-
mates for D*Qu of the form

|DYQu| < Clel+iale
or, what amounts to the same thing,
[DYQu > < CleFINslel o] < N.

Now in view of the maximality and subellipticity of P, we shall profit from all
aspects of the a priori estimate and apply it to v = D*Qu:

> 11X D*Qulf7: + (1D Qul
1

(6.2) < C{Re (PD*Qu, D*Qu) 12 + | D*Qul[%.}
< C{||ID*QPul?: + | D*Qu||22 + Re ([P, D*Qlu, D*Qu) 2}
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The essential work is to commute P with D@, and we write this as follows.
Schematically writing P = (aX;)(aX)) (the first order term with ¢X, will not
pose a problem), we write

(6.3) Re ([P, D“Qlu, D*Qu) 2 = (aXadex (D*Q)u, D*Qu) 2

+(adiX (D*Q)u, D*Qu) 2

=Fi + Es.
If we write
SO = ad} ()

for any pseudo-differential operator S, E; then consists of terms with an X free,
which may be integrated by parts (modulo zero order terms). A weighted Schwarz
inequality is used on such terms, with the right hand member being absorbed on
the left hand side of the inequality. Thus:

1 m
(6.4) B < 5 D 1XD°Qulf: + CIATPH(DQ) Wull}.
j=1

In much the same way, F> may be estimated
1 « el «
|Bs| < 5 ID°Qull§ + CIA PIDQ) P 3.

Thus using (6.2), using the above estimates for the errors E; and Es, and iterating
|| /16| times we have:

> 1%, DQullzs + | D*Qul3

i=1
< Clel sup [T (A~ 1OVx (D*Q)U4)) Pul| »
Sik<lal/le]
1<, <2
+ sup |[TL, (A~ 1214 (D Q) %) yu 3
SRR
1<j, <2

What has happened, as can already be seen in the first step, is that for every
derivative that lands on D®Q as a bracket, there is a “gain” of |§| derivatives.
Thus either multiple iterations with the same () are required or one could perhaps
replace the Q) with another @ after each such gain, although this does not seem to be
any simpler. In any case, estimating the behavior, in L2 or in H!®! of these very high
order commutators of pseudo-differential operators is very far from simple. However
we have already carried out an extremely precise analysis of each such bracket in
(5.3.11) and what follows (5.3.11). While that analysis is for the carefully balanced
operators required to localize TP, the present situation requires no such balance
and is thus essentially simpler. We do not carry out the full details since we would
be repeating much of the analysis following (5.3.11).
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7. APPENDIX

In this Appendix we gather some general-purpose results, mostly well known,
which are used and referenced throughout the paper. Sometimes we shall prove
statements a bit more general than needed at a specific point.

Lemma A.1. Let F(x,D,) € L™(R?), H(z, D,) € L™ (R?) be pseudo-differential
operators with (full) symbols f(x,&), h(xz,£) respectively. Denote by h(n,&) =

[ e (x, &)dx the Fourier transform of h with respect to x. Then for any multi-
indices a, b € 2, VM € Z, Yw € C3°(R™) we have

(A1) D2 (F(x,D;) 0 H(x,D,) — {F o H},, (z,D;)) Dbw
glastiin [ o ( [ (x7n7§)dn> (e,

where

—n—1

7"«:1(%77,5) = Z %

lel=M

(h(€+b2 +c1 )) ~ eim»n

1
' (/0 S Ga € pm) (€ pm)™ 002 (1= p)““dp) :

and where

(4.2) Fol)y @8 = Y = fmOh® o),

|| <M
f((f)) (z,€) = 8?D§f(x,£) and €, a1, az, by, by, ¢y € Z are multi-indices such that
|b1 +b2| =0 +n+1 and ¢ <aq+b.
Proof. By a direct calculation:

D¢ (F(x,D;) o H(z,D,) — {FoH},, (z,D,)) Dbw

= op [ e fagrn = Y S0 | b ale)dnas

le|l<M

a n - a M —n—
= (latbl+ //e (&) (¢ 4 g)aath Z §(1+|77|) 1

le|l=M

1 ~
A @ o1 = )l (155) (. €y,

where ay + ag = a, |by + ba| < b+ n+ 1. The latter can be written as a sum (over
c1 < a1 + by) of expressions of the form

g [ e ([ ooty aterte,

where

1 - .
ra(em € = Y S+ )T (RE) S e

le|=M

1
: ( ; P @, &+ )€ + pm) e (1 - p)cl+€dp> :
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Here we wrote £ + 1 = £+ pn + (1 — p)n, and this completes the proof of the
lemma. |

Lemma A.2. Let o, 8 € Z} be multi-indices. Then

(A.3) oca’ = N (f;) (?)&xﬁ—éag—é;

6<a,p

(A.4) 9 = 3 (~1) (f;) (?) §198—8 09

6<a,B
Proof. (A.3) is proved by Leibniz’ formula:
Oatu= ) (f;) BB = 1) (8 =06+ 12002 "u,
6<a,B
whereas (A.4) can be proved taking the Fourier transform of (A.3). [ |
Lemma A.3. Let aj, §; € Z} be multi—indices, j = 1,...,r. Denoting by a =
S, B= Z;:1 B;, we have that
(A.5) 2 0P a0 - ar ol = Y Clla)Plae =090,
5<a,B

Proof. Using (A.3) we want to move the last group of ’s in (A.5), i.e. %, to the
left. This yields:

s} 351$a2 352 .. ,xarafr

- <5r—1> T P il
1

br<onr r

6r<Br_1

Iterating this procedure, i.e. moving %=1+ =% to the left and using again (A.3),
we obtain

fred! (951 102 (952 ... xaragr

= Z (ﬁ;_]') <§T:12) |05r||5r‘ |a,r_1 —|— oy — 6T||5r,1‘

br <o, Br—1
br—150r+ar_1—67,Br—2

e afl . _857‘73;6047‘4!‘047‘71"'0‘7‘72_57‘_57‘71 857‘72+BT71+E7‘_5T_57‘71

i T
)R DI 1 € ) L R
=0 8rj<Pr—j o1 et

8r—i <3 g_o(@r—e—6r—r—1)

and this proves the assertion since [],_, (55?;) = Al |

Proposition A.1. If X7 means X' ~~~X§i’“, where the X ’s are the same vector
fields of Section 4.1, then

(A6) XJ — C|J| Z |J||J,‘J7J_J,a‘$]_J,.
J<J

Proof. This is an application of Lemma A.3. |
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